Abstract. We consider some problems in the spectral analysis of weakly stationary Hilbert-valued random functions on involutive semigroups. We obtain spectral representations for such functions and for their correlation functions. These representations are extensions and improvements of the corresponding results proved earlier by the first author and by V. Girardin and R. Senoussi.
Weakly stationary vector random functions on semigroups
Denote by H a complex separable Hilbert space and by L 2 (Ω) the Hilbert space of second order complex-valued random variables defined on some probability space (Ω, F, P).
Then the set M(Ω, H) = L(H, L 2 (Ω)
) of all L 2 (Ω)-valued linear continuous random functionals on the space H can be viewed as the set of generalized second order random elements in the space H defined on (Ω, F, P) (see [4] ). Every element Ξ ∈ M(Ω, H) is generated by an usual second order random element ξ defined up to P-equivalence and assuming values in some quasi-kernel extension H − of the space H, Ξx ∈ (x|ξ), x ∈ H, where (· | ·) is the scalar product in H (see [5] ). If the space H is finite dimensional, then H − = H and Ξ is identified with the corresponding H-valued random vector ξ.
The mathematical expectation m = E Ξ of the element Ξ ∈ M(Ω, H) is an element of H uniquely defined by the equality E(Ξx) = (x|m), x∈ H.
The covariance operator [Ξ, Ψ] for elements Ξ, Ψ ∈ M(Ω, H) is an element of the complex algebra B(H) of linear bounded operators in H which is uniquely defined by the equality E(Ξx)(Ψy) = ([Ξ, Ψ]x|y), x,y∈ H.
Note that [Ξ, Ψ] = Ψ * Ξ, where Ψ * is the dual operator for Ψ : H → L 2 (Ω) and
Ω). Denote by B + (H) the convex cone of positive Hermitian operators in B(H). Note that [Ξ, Ψ], as a function of Ξ and Ψ, is a sesquilinear B(H)-valued form on M(Ω, H) such that [Ξ, Ξ] ∈ B + (H).
In what follows we need some notions and results in the theory of semigroups (see [6] - [8] ). Below we discuss briefly some of them.
Let S be an Abelian semigroup with a binary associative and commutative operation •. A semigroup S is called involutive (or a * -semigroup) if a unitary operation * , s → s * , s ∈ S, is defined on S and has the following properties:
Thus the involution * on S is an idempotent antiautomorphism acting from S to itself. An involutive Abelian semigroup S is denoted by (S, •, * ) in what follows. If there exists a neutral element e in S, that is, if e • s = s • e = s for all s ∈ S, then e * = e. Any Abelian semigroup S can be viewed as involutive for the identity involution s * = s, s ∈ S. This semigroup involution is denoted by Id. Any Abelian group G is an involutive semigroup with the involution g
One-dimensional representations (homomorphisms) of a semigroup (S, •, * ) in the set of complex numbers C viewed as a * -semigroup (C, ·), − )) with the operation of multiplication ·) and involution − ) (complex conjugation) are called semicharacters of (S, •, * ) or its elementary harmonics. Thus every semicharacter χ of a semigroup S is a function χ : S → C such that
If there exists a neutral element e in S, then χ(e) = 1.
The set S * of all semicharacters of a semigroup S is its maximal dual object. By S we denote the set of semicharacters such that sup t∈S |χ(t)| ≤ 1 and that are representations of (S, •, * ) in the semigroup (D, ·), − )), where D = {z ∈ C : |z| ≤ 1} is the unit disk in C. The set of semicharacters of a semigroup S such that |χ(t)| = 1, t ∈ S, and that are representations of (S, •, * ) in (T, ·), − )) is the one-dimensional torus in C, where
. This set is denoted by S. It is obvious that S ⊂ S ⊂ S * . If S is a group, that is, t * = t −1 , t ∈ S, then the dual object S * is the group of characters of the group S, since
Considering pointwise multiplication and complex conjugation as a binary operation and an involution in the dual objects S, S, and S * , respectively, one can treat these dual objects as involutive semigroups with the unit element 1 S (t) ≡ 1, t ∈ S. If S * is equipped with the topology of pointwise convergence on C S , then S * becomes a completely regular Hausdorff space and its subsemigroup S is compact.
Note that the semicharacters of a semigroup S are positive definite functions on S; that is,
for all positive integer numbers n ∈ N, all complex numbers c j ∈ C, j = 1, . . . , n, and all elements t j ∈ S, j = 1, . . . , n.
A function α :
, and all t, s ∈ S (this property characterizes the so-called submultiplicative functions α). If there exists a neutral element e in S, then we assume that α(e) = 1.
A function f : S → C is called α-bounded if |f (t)| ≤ cα(t), t ∈ S, for some constant c > 0. A function f is called exponentially bounded if it is bounded for at least one absolute value on S. A function f is bounded on S if |f (t)| ≤ c for all t ∈ S.
Denote by S * α the set of all α-bounded semicharacters χ on S; that is, 
In what follows we assume without loss of generality that m = 0 (otherwise one can consider the stationary function Ξ t , (
Note that R : S → B(H) is a correlation function for some weakly stationary random function {Ξ t , t ∈ S} if and only if R(t) is positive definite; that is,
for all n ∈ N and all t j ∈ S, x j ∈ H, j = 1, . . . , n (see [1, 2] ).
Below are a few simple examples of weakly stationary functions on * -semigroups.
is a stationary function on S with E Ψ t = 0, t ∈ S, and the correlation function 
Example 4. Let (U, A) be a measurable space, where A is the σ-algebra of subsets of U , and let Z : A → M(Ω, H) be a generalized random measure in H defined on A (the σ-additivity of Z is understood in the strong topology of the space L(H, L 2 (Ω))). Assume that the mean value of Z is zero, that is, E Z( ) = 0, ∈ A. We further assume that the values of Z are orthogonal in the following sense: there exists an operator measure F : A → B + (H) (the structure measure for Z) such that
The σ-additivity of F is understood in the weak topology of B(H). Considering A as an involutive semigroup (A, ∩, Id), we prove that the measure Z is a stationary function on A. 
are well defined for strongly measurable functions A :
(see [9] ). Note that I (A) ∈ M(Ω, M). Then I (A), ∈ A, are stationary functions on (A, ∩, Id) with E I (A) = 0, ∈ A.
Theorem 1. (i) If a generalized random function Ξ t , t ∈ S, is weakly stationary where S is a * -semigroup, then its correlation kernel K(t, s)
(ii) If there exists a neutral element e ∈ S, then property (3) implies that Ξ t , t ∈ S, is weakly stationary for a random function Ξ t , t ∈ S, with E Ξ t ≡ 0.
(
iii) If S is a group, then property (3) is equivalent to the classical condition that the kernel K is invariant with respect to translations, namely,
Proof. Statement (i) follows from the equality
Statement (ii) is a corollary of the relation
in view of property (3). Statement (iii) also is straightforward. Indeed, if S is a group and s * = s −1 , then property (3) applied to the function Ξ t , t ∈ S, with zero mean implies for a = s −1 and b = a that
whence it follows that the function Ξ t , t ∈ S, is stationary.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
MULTIDIMENSIONAL STATIONARY FUNCTIONS ON SEMIGROUPS 155
Conversely, if a function Ξ t , t ∈ S, is stationary, then relation (5) holds. Substituting t • a and s • b for s and t in (5) we obtain
Thus (3) and (4) are equivalent if S is a group.
Spectral representations of stationary functions
Let S be an Abelian * -semigroup with a neutral element e and let α : S → R + be some absolute value on S.
Theorem 2. If Ξ t , t ∈ S, is a generalized stationary random function in H whose correlation function R : S → B(H) is α-bounded, that is,
then R admits the following spectral representation: (7) . In this case, the stationary function Ξ t , t ∈ S, itself admits the spectral representation
where Φ is a random M(Ω, H)-valued Radon measure on S * (the random spectral measure of the function Ξ t ) whose support is compact and
If R is bounded, then S can be substituted for S * in representation (8) .
Proof. Consider a sesquilinear form (R(t)x|y), x, y ∈ H, in H that depends on the parameter t ∈ S. This form is uniquely generated by the corresponding quadratic form r x (t) = (R(t)x|x), x ∈ H, with the help of the well-known polarization formula
where i is the imaginary unit in C. The complex-valued function r x (t), t ∈ S, is positive definite and exponentially bounded for any x ∈ H in view of condition (6) . According to an analog of the Bochner-Khintchine theorem for the semigroup S (see [6, 7] ), there exists a uniquely defined positive Radon measure µ x on S * whose support is compact and
Moreover, the set S can be substituted for S * in representation (9) if R is bounded. Then
for vectors x, y ∈ H where µ x,y is a complex-valued Radon measure on S * defined by
The above reasoning implies that, for any measurable set ∆ in S * , µ x,y (∆) as a function of arguments (x, y) ∈ H × H is a sesquilinear form that is uniformly bounded in ∆ on
Thus there exists a uniquely defined B(H)-valued Radon measure F on S * such that
for all measurable sets ∆ in S * . It is easy to check that the measure F is B + (H)-valued and therefore representation (7) holds for it.
Representation (8) for the stationary function Ξ t , t ∈ S * , follows from the representation
and Theorem 3 of [10] on the spectral representations of generalized random functions in vector spaces. Theorem 2 is proved.
Below we consider a somewhat different kind of spectral representation for multidimensional stationary functions on * -semigroups S for which a neutral element e not necessarily exists in S (that is, for the case where S is not necessarily a monoid).
Theorem 3. If Ξ t , t ∈ S, is a stationary random function on a * -semigroup (S, •) in a complex Hilbert space H, α is an absolute value on S, and if the correlation kernel K of the function Ξ t is α-bounded on S, that is, (10) (K(t • s, t • s)x|x) H ≤ α 2 (s)(K(t, t)x|x) H for all t, s ∈ S and x ∈ H, then there are a B + (H)-valued Radon measure F and a M(Ω, H)-valued random Radon measure
and the following spectral representations hold:
Proof. Representation (11) for the correlation function R of the random function Ξ t follows from Theorem 15.7 in [8], since R is a positive definite B(H)-valued function on
S that is α-bounded in the sense of [8] . Other statements of the theorem are corollaries of representation (11) for R that can be proved by the same method as the one used in the proof of Theorem 2.
Corollary 2.1. Let the dimension of the space H equal n, that is, dim H = n, and let {ϕ} n i=1 be an orthonormal basis in H. Then a stationary function Ξ t , t ∈ S, in H can be identified with an n-measurable random function
whose components are zero mean stationary functions such that 
where
Relations (12)- (14) follow from Theorem 3 with
where ∆ are measurable sets in S * α . When general results on the spectral representations for stationary random functions and those for their correlation functions are applied to particular * -semigroups, it is a common approach to associate the semicharacters of these semigroups with a certain parameter λ ∈ Λ, where the set Λ is isomorphic to S * so that S * = {χ λ (t), t ∈ S : λ ∈ Λ}. Then the spectral representations take the form
It is obvious that representation (1) of a random harmonic polynomial on S and representation (2) of its correlation function are their spectral representations with a discrete spectrum (this means that the supports of the corresponding spectral measures belong to a finite set of characters involved in the representations). 
where the symbol 1 A stands for the indicator of a set A, we obtain the following spectral representation of W t :
Thus W t is its own random spectral function.
Example 7. Let f (s), s ∈ R
n + , be a measurable random function assuming values in H and defined on the same probability space as the Chentsov field W s , s ∈ R n + , discussed in the preceding example. Assume that f (s) is anticipating with respect to W s for all s ∈ R n + and the function E f (s) 2 is locally integrable on R n + (see [5] ). Then the Itô type stochastic integrals
are well defined and
Using the preceding example, one can easily prove that the structure spectral measure of the field
Now we consider the reduction of a generalized second order random function in H defined on a certain set V to a stationary function on a * -semigroup by transforming the space of its arguments. We also obtain the corresponding spectral representations in this case. Similar questions are discussed in [3, 11] for real-valued processes and fields.
, and let (S, •, * ) be an involutive semigroup with a neutral element. Assume that there is a bijection f between the sets V and S such that the correlation kernel
where R is an exponentially bounded B(H)-valued positive definite function on S.
Then K(υ, u), υ, u ∈ V, and the function Ξ υ , υ ∈ V, admit a kind of spectral representation that will be specified in the proof of the theorem.
Proof. The bijection f : V → S generates on V the structure of the involutive semigroup (V, , ), where By Theorem 2, the function R admits the spectral representation
where F f denotes the image of the B + (H)-valued measure F for the mapping
acting from S * to V * . By assumption (16), representation (17) implies that the correlation kernel K of the function Ξ υ , υ ∈ V, has the spectral representation
where F and F f are uniquely defined B + (H)-valued measures on S * and V * , respectively (the spectral measures of the function Ξ υ ).
Then Theorem 3 in [10] implies the following spectral representation for Ξ υ , υ ∈ V:
where Φ and Φ f are M(Ω, H)-valued orthogonal random measures on S * and V * whose structure measures are F and F f , respectively (the random spectral measures of the function Ξ υ ).
2 , be a normalized Lévy sheet in H; that is, Ξ t is an M(Ω, H)-valued Gaussian field with the correlation function
where I is the identity operator in H. The transformation f (t) = (ln t , arctan(t 2 /t 1 )) reduces Ξ t to a weakly homogeneous random field Ψ f (t) on S = R 2 , since
Determining appropriate transformations of the space of values of stationary random functions is another approach to obtaining spectral representations for nonstationary random functions on semigroups.
Example 9. Let Ξ t , t ∈ S, be a stationary random function on a * -semigroup S in H that admits (perhaps, under some additional assumptions) spectral representations of the integral form (15) similar to those in Theorems 2 or 3. Let A be an operator of B(H), and let Q be an operator in B(L 2 (Ω)). Then the function Ψ t = QΞ t A, t ∈ S, is harmonizable on S; that is, Ψ admits the spectral representation
where Z is a random M(Ω, H)-valued measure on Λ of the form Z(dλ) = Q Φ(dλ)A with Φ being the spectral random measure of the function Ξ t , t ∈ S (see [15] ). Moreover, the correlation kernel K(t, s) = [Ψ t , Ψ s ], t, s ∈ S, of the function Ψ t admits the following spectral representation:
where G is a B(H)-valued positive definite bimeasure on Λ × Λ:
(see [10] ).
Stationary processes and fields on classical semigroups
Below we apply the general results of spectral analysis of stationary functions on * -semigroups for several classes of stationary processes and fields on classical additive or multiplicative semigroups.
First we consider the case of additive stationary (A-stationary) processes on additive one-dimensional * -semigroups.
The stationarity of a stochastic process Ξ t coincides with the usual stationarity in the case of the group (R, +, − )) of real numbers or of the group (Z, +, − )) of integers with respect to the addition and where the involution transforms a real number to its opposite, since the semicharacters are χ λ (t) = e iλt , λ ∈ Λ, in this case (where Λ = R or Λ = Π = [−π, π], respectively).
If the * -semigroup S coincides with one of the following classical sets of numbers
considered together with the addition + and where the involution is the identical transformation Id, then the semicharacters of the * -semigroup (S, +, Id) are χ λ (t) = e λt , λ ∈ Λ ⊂ R, and the correlation function R of the stationary process Ξ t , t ∈ S, depends on the sum of arguments only:
Bounded (S, +, Id)-positive definite functions are usually called exponentially bounded according to the existing terminology for one-dimensional functions. The corresponding stationary processes for which the correlation functions are exponentially bounded are called symmetric processes (see, for example, [13, 14] ). In particular, a bounded symmetric process Ξ t , t ∈ (R, +, Id), admits the following spectral representations:
since the semicharacters of (R, +, Id) can be written as χ λ (t) = λ t , λ ∈ R + . If Ξ t , t ∈ (N, +, Id), is a bounded symmetric process, then it admits the following spectral representations: In particular, the Kolmogorov spiral (the normalized fractional Brownian motion) in H, that is, the centered Gaussian process Ξ t , t ∈ R ++ , in H with the correlation function
where I is the identity operator of B(H) and h is the fractal dimension of Ξ t , h ∈ [0, 1], also is an M -stationary process on (R ++ , ×, (·) −1 ) whose correlation function is given by
The semicharacters of the * -semigroup (S, ×, Id) with S = N \ {0}, Z \ {0}, R ++ , or R 0 are χ λ (t) = |t| λ , λ ∈ R. In particular, the spectral representations of a bounded stationary process Ξ t , t ∈ (R 0 , ×, Id), are given by
Stationary random fields on classical * -semigroups are easy to study in the framework of spectral theory if their arguments are treated as elements of direct products of underlying * -semigroups. This approach is developed in [15] for the case of classical Abelian
